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Several novel imaging modalities proposed during the last couple of years are based on
a mathematical model, which uses the V-line Radon transform (VRT). This transform,
sometimes called broken-ray Radon transform, integrates a function along V-shaped
piecewise linear trajectories composed of two intervals in the plane with a common
endpoint. Image reconstruction problems in these modalities require inversion of the VRT.
While there are ample results about inversion of the regular Radon transform integrating
along straight lines, very little is known for the case of the V-line Radon transform. In this
paper, we derive an exact inversion formula for the VRT of functions supported in a disc
of arbitrary radius. The formula uses a two-dimensional restriction of VRT data, namely
the incident ray is normal to the boundary of the disc, and the breaking angle is fixed. Our
method is based on the classical filtered back-projection inversion formula of the Radon
transform, and has similar features in terms of stability, speed, and accuracy.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
One of the rapidly developing modern imaging modalities is optical tomography, which uses light, transmitted and
scattered through an object, to determine the interior features of that object. Typically this is done through reconstruction of
the spatially varying coefficients of light absorption and scattering using the measurements on the boundary of that object.
In certain situations (e.g. when the object has moderate optical thickness) it is reasonable to assume that the majority
of photons change their flight direction only once inside the object [1–3]. Then, by using angularly focused emitters and
receivers one canmeasure the intensity of light scattered along various piecewise-linear trajectories. The principal problem
of imaging here becomes the use of these measurements to recover the unknown absorption and scattering coefficients.
This technique is often called a single-scattering optical tomography (SSOT).
In the standard setup of SSOT, images of 2D slices of the object are recovered, and then stacked together to form a 3D
image. The mathematical model of SSOT is based on the inversion of the V-line (or the broken-ray) Radon transform, which
integrates a function of two variables along V-shaped piecewise linear trajectories composed of two intervals in the plane
with a common endpoint (where the scattering occurred) [1,3]. Each broken ray is uniquely determined by the fixed focusing
angles of the coplanar emitter and receiver. By using different locations and angles of the emitter and receiver, one can obtain
the integrals of the unknown function along various broken rays in the same plane (e.g. see Fig. 1 below).
Since the family of all broken-rays in the plane is four-dimensional, while our unknown function depends only on two
variables, it is clear that the problem of inverting the V-line transform from a full set of data is over-determined. It is
reasonable to expect that one may be able to reconstruct the unknown function from a two-dimensional subset of the data.
This is a typical situation for generalized Radon transforms (e.g. see [4,5]), and while there can be many different ways of
∗ Tel.: +1 817 272 3384; fax: +1 817 272 5802.
E-mail address: gambarts@uta.edu.
0898-1221/$ – see front matter© 2012 Elsevier Ltd. All rights reserved.
doi:10.1016/j.camwa.2012.01.059
G. Ambartsoumian / Computers and Mathematics with Applications 64 (2012) 260–265 261
Fig. 1. A sketch of the SSOT setup in circular geometry. A(φ) corresponds to the location of the light source, the points Cj = C(φ, dj) correspond to the
locations of (an array of) receivers, and Bj = B(φ, dj) are the scattering points.
reducing the degrees of freedom in the data, usually the choice of the subset ismade so, that it simplifies the implementation
of the imaging system in practice, and produces a fairly robust and stable inversion procedure.
Inmost common setups ofmedical imaging devices the emitters and receivers eithermove along lines and circles (planes,
spheres, and cylinders in 3D case), or they employ linear or circular arrays of multiple receivers. The authors of [1,3] used a
linear setup for SSOT, where they recover the image function using VRT data from emitters and receivers located on parallel
boundaries of a rectangular image domain. In that setup the light is always emitted in the direction perpendicular to the left
boundary of the object, and the receivers are aligned along the right boundary so that they measure only the light scattered
under some fixed angle. Hence, each broken ray in the available set of data is defined by the single parameter locating the
emitter along a fixed line, and the single parameter locating the receiver along another (parallel) fixed line.
In this work we derive an inversion procedure for VRT in the circular geometry. Similar to [1,3], we assume that the
incident beam is normal to the boundary of the disc, and the scattering angle is fixed. Using angularly focused receivers we
obtain a two-parameter family of VRT data, from which we recover the unknown function.
2. The V-line Radon transform in a disc
Let the function f (x, y) be defined inside the disc D(0, R) of radius R centred at the origin, and let θ ∈ (0, π/2) be a
fixed angle. Denote by BR(φ, d) the broken ray, which emanates from the point A(φ) = (R cosφ, R sinφ) on the boundary of
D(0, R), travels the distance d along the diameter (i.e. normally to the boundary) to point B(φ, d), then breaks into another
ray under the obtuse angle π − θ arriving at the point C(φ, d) (see Fig. 1).
Definition 1. The V-line Radon transform of function f (x, y)
Rf (φ, d) =

BR(φ,d)
f ds, φ ∈ [0, 2π ], d ∈ [0, 2R], (1)
integrates the function f (x, y) along the broken ray BR(φ, d).
In the circular setup of SSOT the point A(φ) corresponds to the location of the light source, the points Cj = C(φ, dj)
correspond to the locations of (an array of) receivers, and Bj = B(φ, dj) are the scattering points. After making the
measurements for all possible angles φ ∈ [0, 2π ] locating the emitter of normally incident beams, and all scattering
distances d ∈ [0, 2R], one obtains a two-dimensional family of Rf data. The problem of image reconstruction in SSOT
then requires invertingRf , i.e. finding f (x, y) from the measured dataRf (φ, d).
3. Inversion of the VRT
In this section we show that if the support of the image function is sufficiently far from the circular trajectory of the
emitter and receivers, then it can be uniquely recovered from the VRT data in the disc. Our proof of this uniqueness result,
as well as the inversion formula presented later, are based on the corresponding results about the regular Radon transform
integrating an unknown function along straight lines.
Definition 2. The (regular) Radon transform of function f (x, y)
Rf (ψ, t) = 
L(ψ,t)
f ds, ψ ∈ [0, 2π ], t ∈ [−R, R], (2)
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Fig. 2. A sketch of the domain and the notations. Here R is the fixed radius of the circular trajectory of the emitter and receivers, θ is the fixed scattering
angle. The sum of data measured along two broken rays with diagonally opposite sources A and D, a common breaking point B, and corresponding receiver
locations C and E is equal to the sum of the integrals along two straight line segments AD and EC . t and ψ are the normal form parameters of the line EC .
integrates f (x, y) along the line L(ψ, t) = {(x, y) : x cosψ + y sinψ = t} at signed distance t from the origin and normal to
the unit vector (cosψ, sinψ).
Using the above definitions and notations we can now present the main results of this section.
Theorem 3. If f (x, y) is a smooth function supported in the disc D(0, R sin θ), then f is uniquely determined byRf (φ, d), φ ∈
[0, 2π ], d ∈ [0, 2R].
Proof. Let us start with the following two observations (see Figs. 1 and 2):
Rf (φ, 2R) = Rf (φ − π/2, 0), (3)
and
Rf (φ, d)+Rf (φ + π, 2R− d) = Rf (φ − π/2, 0)+ Rf (ψφ, td), (4)
where
ψφ = φ + θ − π/2 and td = (R− d) sin θ. (5)
In both formulae (3) and (4) we use 2π-periodic extensions of functions Rf and Rf in the angular variables, hence
allowing those variables to be smaller than 0, or larger than 2π .
Combining (3) and (4) together we getRf (ψφ, td) = Rf (φ, d)+Rf (φ + π, 2R− d)−Rf (φ, 2R), (6)
for all values φ ∈ [0, 2π ] and d ∈ [0, 2R].
In other words, the knowledge about VRT can be transferred into some knowledge about the regular Radon transform.
However, as one can easily notice from the expressions (5) for ψφ and td, the full data for VRT in the disc produces partial
data for the regular Radon transform in the disc. Namely, the integrals of f (x, y) along lines at distances t > R sin θ from the
origin are not available. It is also very easy to understand this fact geometrically, since the disc D(0, R sin θ) is enclosed by
the envelope of the lines (AC0)(φ) of available broken rays for φ ∈ [0, 2π ] (see Fig. 1).
Using the uniqueness of inversion of Rf [5,6], and the fact that formula (6) provides a complete set of regular Radon
data in the disc D(0, R sin θ) from VRT data, if the function f (x, y) is supported inside D(0, R sin θ), then it can be uniquely
recovered from a full set ofRf data. 
There are various explicit inversion formulae for R in the case, when Rf (ψ, t) is known for all ψ ∈ [0, 2π ] and all t
(see [5]). For example, if f ∈ S(R2) (the Schwartz space), one of the most commonly used inversion formulae is the filtered
backprojection:
f (x, y) = 1
4π
 2π
0
H(Rf ′t )(ψ, x cosψ + y sinψ) dψ (7)
whereH is the Hilbert transform defined by
Hh(t) = − i√
2π

R
sgn(r)h(r) eirt dr, (8)
G. Ambartsoumian / Computers and Mathematics with Applications 64 (2012) 260–265 263
Fig. 3. (a) A phantom, which consists of the sum of constant multiples of characteristic functions of three circles. (b) The reconstruction of the image from
the restricted VRT data using our inversion procedure.
andh(r) is the Fourier transform of h(t), i.e.
h(r) = 1√
2π

R
h(t) e−irt dt. (9)
Corollary 4. Formulae (6) and (7) provide an exact inversion of V-line Radon transform for functions supported inside a disc.
Notice, that since our inversion method is based on the classical filtered back-projection technique of the regular Radon
transform, their numerical implementations have similar features in terms of stability, speed, and accuracy (e.g. see [5,6]).
Also, due to the simple linear dependence ofψφ on φ and td on d in (5), the numerical implementation of our algorithm does
not require any interpolation when passing from a uniformly sampled grid of (φ, d) to a uniformly sampled grid of (ψ, t).
4. A numerical example
To illustrate the inversion procedure described above we consider a simple phantom, which consists of the sum of
constant multiples of characteristic functions of three circles contained in the unit disc. Let (aj, bj) denote the coordinates
of the centre of the j-th circle, rj its radius, and pj its density. Then
a1 = 0.2 b1 = 0.1 r1 = 0.4 p1 = 1
a2 = −0.2 b2 = −0.1 r2 = 0.25 p2 = 2
a3 = −0.3 b3 = 0.2 r3 = 0.3 p3 = 0.5.
In our numerical experiment we considered R = 1, and θ = π/4. It is easy to notice that all circles described above
are inside the disc of radius
√
2/2 centred at the origin, hence the support condition of our theorem is satisfied. We used
256× 256 pixels in the image domain (the unit square), both for the phantom and for the reconstruction. We also used the
same resolution for the data, discretizing φ uniformly at 256 points in [0, 2π ], and discretizing d uniformly at 256 points in
[0, 2]. The results of the numerical experiment are presented in Figs. 3 and 4.
5. The interior problem
Remark 5. Theorem 3 does not imply, that if the support of function f extends outside of the disc D(0, R sin θ), then the
image cannot be recovered from the full set ofRf (φ, d).
In X-ray tomography there is a classical limited data problem (often called interior problem), where one needs to recover
a function f (x, y) from its integrals along all lines passing through a disc of certain radius, while the support of that function
extends beyond that disc. It is well known that the interior problem of the Radon transform is not uniquely solvable, and
althoughdifferent solutions donot varymuch at pointswell inside the disc, the outcome ismuchworse close to the boundary
and outside the disc [5,6]. However, these results do not automatically exclude the possibility of unique (or even stable)
solution of the interior problem for VRT, in the sense of Remark 5. The reason for this is that while the full set of interior VRT
data allows to produce the interior data for the regular RT, the converse is not true, and those data sets are not equivalent.
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Fig. 4. (a) The VRT dataRf (φ, d), with vertical axis corresponding to the change in the position of the light source (i.e. the angle φ), and the horizontal
axis corresponding to the change of distance d travelled by the ray before breaking. (b) The sinogram of the Radon transform Rf (ψ, t), with vertical axis
corresponding to the change in angle ψ , and the horizontal axis corresponding to the change in distance t of the line from the origin.
In other words, applying formula (6) results in information loss, and there may exist some other inversion methods using
the lost information for stable solution of the interior problem of VRT.
Some conventional tools of microlocal analysis applied to generalized Radon transforms (GRT) often imply, that one can
expect to be able to recover f (x, y) stably only at those locations (x, y), at which the tangent lines to the integration curves
of GRT are available in all directions in the Radon data (e.g. see [7,8]). This result also may seem to exclude the possibility
of stable recovery of the image function in D(0, R) \ D(0, R sin θ) if its support extends beyond D(0, R sin θ). However, the
answer to that question is not obvious either, since the microlocal technique is applicable for the case when the integration
curves are smooth, while the broken rays have a singularity at the scattering point. The authors of [3] showed in the case
of SSOT in a slab geometry, that having piecewise linear integration curves with only two angular coefficients is enough
for stable recovery of the image function. This somewhat counterintuitive result can be probably explained by the fact that
the integration curves are not smooth. Hence the interior problem for VRT in our circular geometry may also have a stable
solution, and this question still remains open.
Also related to the discussion above is the limited angle problem in the circular geometry, where one tries to recover
the function f (x, y) whenRf (φ, d) is known only for a few values of φ. The author plans to address these and some other
questions in a future publication.
6. Some general remarks and comments
1. There is a standard approach in integral geometry related to the inversion of generalized Radon transforms integrating
the unknown function along a rotationally-invariant family of curves (e.g. see [4] and the references there). The main
idea of this approach is based on the fact that the rotational invariance allows to diagonalize the GRT when passing to
the ‘‘basis of exponentials’’. In other words, when the unknown function f is presented in polar coordinates, and then
expanded to a Fourier series with respect to the polar angle, then its n-th Fourier coefficient depends only on the n-th
Fourier coefficient ofRf , expanded into Fourier series with respect to its own angular variable. As a result, the problem
typically reduces to an Abel-type integral equation with a special function kernel, which can be either solved explicitly,
or through an iterative procedure. Since our restriction of the V-line Radon transform in the circular geometry uses a
rotationally invariant family of broken rays, then a similar approach may work in deriving another inversion formula for
VRT. The author plans to address this question in a future publication.
2. Our main result was based on an assumption that the image function is supported a certain positive distance away from
the boundary of the circle. While at first sight this condition may seem too restrictive, in practice this condition can be
fulfilled by placing the object of interest into a medium with known optical properties and of necessary thickness. Then
for each broken ray one can subtract from themeasured data the portions of line integrals that travel through the known
medium, and (numerically) get the needed support condition.
3. Besides SSOT, the inversion of the V-line Radon transform is required also in some other imagingmodalities, for example
in γ -ray emission tomography using Compton cameras (e.g. see [9–12] and the references there).
4. In this paper we considered the inversion of VRT from the restricted set of data, when the angle of scattering was fixed. If
one can get the VRT for all (or many) scattering angles, the inversion problem becomes (theoretically) over-determined.
However this may be very handy in problems when the data is undersampled in each dimension (e.g. see [9]). It is
an interesting problem how one can incorporate the additional data to stabilize the reconstruction in undersampled
problems, and we hope to look into this in the future.
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